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Abstract We study the thermodynamics of the asymptotically flat static
black hole in Lovelock back ground where the coupling constants of the Love-
lock theory effects are taken into account. We consider the effects of the second
order of the coupling constant, and third order of the Lovelock constant coef-
ficient on the thermodynamics of asymptotically flat static black holes. In this
case the effect of the coupling constants on the thermodynamics of the black
hole are discussed for 5, 6, and 7 dimensional spacetime.
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1 Introduction
One of the possible solutions to the hierarchy problem, is a class of models in
which extra spatial dimensions [1,2,3,4] give rise to strong gravity due to the
fact that in 4 + n dimensions the fundamental Planck mass (MD) can be as
low as few TeV. The most significant consequence of the low-scale gravity, is
the possibility of production of the TeV-scale black holes in particle colliers,
such as Large Hadron Collier (LHC) [5] and the available energy must be
well above the fundamental Planck scale [6]. In string theory, in addition to
Einstein-Hilbert term, there are higher curvature corrections [7]. On the other
hand, higher dimensional black holes have been used to analyzed strongly cou-
pled finite temperature field theories. So, extension of Einstein gravitational
theory into those with higher power of curvature in higher dimensions is natu-
ral. In this regards, the Lovelock theory of gravity is a candidate belonging to
such class of theories [8,9] which had received a lot of attention, in particular,
in the brane world scenario, low energy string theory, and black hole ther-
modynamics. Since the thermodynamic property of black hole is essentially a
quantum feature of gravity, it is expected to gain some insights into quantum
gravity in the field of black hole thermodynamics. In this case, the effective
action proposed by Lovelock [8] contains the higher powers of curvature in
particular combinations and the only produced field equations are the second
order one which consequently arise no ghosts [10]. In this case, the action is
precisely of the form
IG =
∫
ddx
√−gL (1)
where L denotes the corresponding Lagrangian.
Here, we consider the first four terms of the Lovelock gravity which is up to
the third order. The combination of these terms in d ≥ 7 is the most gen-
eral Lagrangian producing second order field equations. It is very difficult to
find out nontrivial exact analytical solutions of Einstein’s equation with the
higher curvature terms due to the non linearity of the field equations and
mostly need to adopt some approximation methods or find numerical solu-
tions. Wheeler has found [11] exact static spherically symmetric black hole
solutions of the Gauss-Bonnet (the second order Lovelock) gravity. Also, one
can find related solution of the Einstein-Maxwell-Gauss-Bonnet and Einstein-
Born-Infeld-Gauss-Bonnet models in Refs [12,13]. The thermodynamics of the
charged static spherically black hole solutions has been considered in [14] and
of charged solutions in [15]. In this paper we want to find new static solu-
tions of third order Lovelock gravity by using algebraic equation (see Eq.(9))
which are asymptotically flat and contain second and third order coupling con-
stant of Lovelock gravitational theory and investigate their thermodynamics.
In this case, we will investigate the effect of the coupling constants on Hawk-
ing temperature and Bekenstein-Hawking entropy as well, specially in 7 and
8 dimensional spacetime.
The outline of the paper is as follows. In section 2, we briefly review Lovelock
theory and we obtain general algebraic equation. In section 3, we present the
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static solution of the third order Lovelock theory and investigate the thermo-
dynamic parameters for seven dimensional spacetime. We obtain the solution
for eight dimensional spacetime and investigate its thermodynamical proper-
ties in section 4. The final section 5 is devoted to conclusion and discussion.
2 Lovelock Black Hole Spacetime
One of the natural generalization of Einstein theory in higher dimensional
spacetime is Lovelock gravity [8] which maintains the properties of Einstein
equation. Thus, for Eq. (1), the effective action, we consider third order Love-
lock black hole with a cosmological constant term, where the corresponding
Lagrangian is given by
L =
(D−1)/2∑
m=0
cm`m (2)
where cm is an arbitrary constant and `m is the Euler density of 2k-dimensional
manifolds which is defined by
`m =
1
2m
δλ1ξ1...λmξmµ1ν1...µmνmRλ1ξ1
µ1ν1 ...Rλmξm
µmνm . (3)
In Eq. (3), δλ1ξ1...λmξmµ1ν1...µmνm and Rλ1ξ1
µ1ν1 are the generalized totally antisymmetric
Kronecker delta and the Reimann tensor in D dimension respectively. We
would like to draw attention that in d dimensions, all terms for which k (
d−1
2
)
are identically equal to zero, and the term k =
(
d−1
2
)
is a topological
term. So, the only term for which k ≺ (d−12 ) are contributing to the field
equations. Hereafter, we set c0 = −2Λ, c1 = 1, c2 = α/2, c3 = β/3, cm = 0
(for 4 ≤ m), and G = h¯ = c = 1. So, the second and third order of the
Lagrangian terms are given by
`2 = RµνρσR
µνρσ − 4RµνRµν +R2 (4)
and
`3 = 24Rµν
ρσRρ
νRσ
ν − 24RµνρσRρηµνRση + 3RRµνρσRρσµν
+8Rµν
ρσRρη
µκRκσ
νη + 2Rµν
ρσRρσ
ηκRηκ
µν + 16Rµ
νRν
ρRρ
µ
−12RRµνRνµ +R3.
(5)
One can then derive the Lovelock equation with respect to the metric as follows
0 = ϑλ
ξ = Λδµ
ξ +G
(1)ξ
λ + αG
(2)ξ
λ + βG
(3)ξ
λ (6)
where G
(1)ξ
λ is the Einstein tensor and G
(2)ξ
λ & G
(3)ξ
λ are the second and the
third order of Lovelock tensors respectively.
It was shown [11,16] that there exist static exact black hole solutions of the
equation (6). In this case, the line element takes the following form
ds2 = −f (r) dt2 + f−1 (r) dr2 + r2γ¯ijdxidxj (7)
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where γ¯ij is the metric of D − 2 dimensional constant curvature space. In
order to determine the function f (r) by Eq. (6), it is convenient to define a
new variable ψ (r) as
f (r) = ζ − r2ψ (r) (8)
with the constant curvature ζ = 1, 0 or −1. Then, after calculating Riemann
tensor components and substituting into (6), one can obtain an algebraic equa-
tion as follows
k∑
m=2
[
am
m
{
2m−2∏
q=1
(n− q)
}
ψm
]
+ ψ − 2Λ
n (n+ 1)
=
µ
rn+1
(9)
where Λ is cosmological constant, amm = cm, and µ is an integration constant
related to ADM mass as M = 2µpi
(n+1)/2
Γ ((n+1)/2) [15], where we used a unit 16piG = 1.
In the following section we obtain the exact solution for static black holes and
its thermodynamical properties for 7 dimensional spacetime.
3 Thermodynamics of the Lovelock Black Holes
The most general second order differential equation which presents the so-
lutions of gravity is the gravitational field equation of third order Lovelock
gravity in seven dimensions. In order to obtain seven dimensional static asymp-
totically solution of third order of the Lovelock gravity, we set ζ = 1 and Λ = 0
and we consider only positive mass black holes µ  0.
In the case of n = 3, the theory is reduced to Einstein-Gauss-Bonnet theory
and its related f (r) reads
f (r) = 1− −r
2 +
√
r4 + 4αµ
2α
. (10)
So, for black hole solution (7) considering (10), one can find the Hawking
temperature as the inverse of the special value of the period of the Euclidean
time by using TH =
f ′(r)
4pi
∣∣
r=r+ as follow
T 5H (r+) =
1
4pi
r+
(√
r+4 + 4αµ− r+2
)
α
√
r+4 + 4αµ
(11)
Therefore, the behavior of the Hawking temperature crucially depends on the
second and third order coupling constants of the Lovelock gravity theory. The
Hawking temperature always increases monotonically from T = 0 at r+ = 0 for
small horizon radius (see Figure 1). Figure 2 shows the effect of the α variations
on the temperature. By the way, maximum of the temperature decreases by
increasing of the second order coupling constant of the Lovelocke gravity in
5 dimensional asymptotically flat spacetime. we see that, as expected, (11)
behaves like the Hawking temperature of a GR solution if the black hole is
large enough. On the other hand, temperature tends to zero for small values.
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Fig. 1 Hawking temperature vs. r
Fig. 2 Hawking temperature with respect to the different αs for n = 3
It is easy to verify that the Hawking temperature associated to the solution
in n = 4 (d = 6 dimension) is given by
T 6H (r+) =
1
4pi
r+
2
√
r+ (r+5 + 12αµ)− r+5 + 3αµ
3r+α
√
r+ (r+5 + 12αµ)
(12)
which implies that in d = 6 dimensional case, the Hawking temperature is
related just to the second order of the Lovelock coupling constant same as
the d = 5 dimensional case. It is worth pointing out that for dimension 6
the functional form of the temperature is substantially different from the case
d = 6, as it includes an additional term which is actually proportional to α.
In this case, figure 3 shows that the temperature decreases by increasing the
α. In order to obtain the temperature for d = 7 dimension, substituting n = 5
into Eq. (9), we obtain a simple equation as
8βΨ3 + 6αΨ2 + Ψ =
µ
r6
(13)
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Fig. 3 Hawking temperature with respect to the different αs for n = 3
Then, one can easily find ψ and by using Eq. (8) obtain the function f (r) as
follows
f (r) = 1− (−27α
3r6+27αr6β+108µβ2+3ξβ)
1
3
12β −
r4(3α2−2β)
4β(−27α3r6+27αr6β+108µβ2+3ξβ) 13
+ αr
2
4β
(14)
where ξ =
(−27α2r12 + 24βr12 − 648α3µr6 + 648αβµr6 + 1296β2µ2) 12 and
solution (10) has only one branch unlike the solutions in Gauss-Bonnet gravity
which have two branches. Indeed, Eq. (10) with above αs and βs has one real
solution and two complex solutions.
The Hawking temperature of the black holes can be obtained by requiring the
absence of conical singularity at the event horizon in the Euclidean sector of
the black hole solution which can be obtained by analytical continuation of
the metric. We continue analytically the metric by t → iτ which yields the
Euclidean section. The regularity at r = r+ requires that we should identify
τ ∼ τ + β+ where f (r+) = 0 and β+ is the inverse Hawking temperature of
the event horizon given as
β−1+ = T
7
H (r+) =
1
4pi

r+
4(3α2−2β)γ
12β(−27α3r+6+27αr+6β+108µβ2+3ξβ)4/3
− r+
3(3α2−2β)
β(−27α3r+6+27αr+6β+108µβ2+3ξβ)
2
3
+ −γ
36(−27α3r+6+27αr+6β+108µβ2+3ξβ)2/3β
+ αr+2β
 (15)
where
γ = −162α3r+5 + 162αr+5β + 3β(−324α
2r+
11+288βr+
11−3888α3µr+5+3888αβµr+5)
2ξ
ξ =
(−27α2r+12 + 24βr+12 − 648α3µr+6 + 648αβµr+6 + 1296β2µ2) 12 .
(16)
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Fig. 4 The α’s effects on the Hawking temperature for different β .
Clearly here , the temperature is related to the second order coupling constant
as the 5 and 6 dimensional case. Also, it depends on the third order constant of
Lovelock as well as second order. Figure 4 shows the α effects on the Hawking
temperature of fixed β. We also show the effect of β of fixed α. It is seen
that, the Hawking temperature increases when the second order constant of
the Lovelock increases but the Hawking temperature decreases when the third
order constant of the Lovelock increases (see Figure 4 and 5). We have shown
that in the absence of the second order constant, α, the third order constant
of the Lovelock, β, still decreases the Hawking temperature (Figure 6).
In general, the Bekenstein-Hawking entropy of black holes satisfies the so-
called area law of entropy which states that the black hole entropy equals
one-quarter of the horizon area, S = A4 [17]. However, in higher derivative
gravity the area law of entropy is not satisfied mostly [18].The entropy per
unit volume obeys the law of the entropy of asymptotically flat black holes of
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Fig. 5 The β’s effects on the Hawking temperature for different α .
Fig. 6 The effect of β on the Hawking temperature in the absence of the α
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pth-order Lovelock gravity [19]
S =
1
4
p∑
k=1
kαk
∫
dn−1x
√
g˜l˜k−1 (17)
where the integration is done on the (n−1)-dimensional space like hypersurface
of Killing horizon, l˜k−1is the kth order Lovelock Lagrangian of g˜µν which
is the induced metric on it and g˜ is the determinant of g˜µν . By the way,
a simple method of finding the entropy is through the use of first law of
thermodynamics, dM = TdS [20]. The horizon radius s tarts from zero when
the mass parameter is nonnegative. So, by integrating the first law, the entropy
reads
S =
r+∫
0
T−1
(
∂M
∂r+
)
dr+. (18)
in this case, one can obtain the entropy for n = 3 as follows
S5 = 8
pi
(
2/5r+
5 + αµr+
)
µ
(19)
which is related to the α as second order constant of the Lovelock theory.
Figure 7 shows the entropy deviation by variation of the α and the entropy
decreases when the α increases.
In the same way, one can compute the entropy for 6 dimensional asymp-
totically flat black hole in Lovelock back ground as follows
S6 = 1/4 pir+
6
µ +
3pir+
5
80µ +
3pir+
4
512µ +
pir+
3
1024µ +
3pir+
2
16384µ +
3pir+
65536µ
+
(
3/8 pir+
4
µ + 1/16
pir+
3
µ +
27pir+
2
4 +
3pir+
2
256µ +
9pir+
8 +
3pir+
1024µ
)
α+O
(
α2
)
(20)
where we neglect the terms related to α2 as it is so small. In this case, it is
interesting that increasing of the α caused increase of the entropy (see figure
8). If we set n = 5 by using equations (15) and (16), the entropy of the 7
dimensional spacetime, S7, reads
S7 =
r+∫
0
[
648pi
(
r2 + 3α
) (
αr6 + 4βµ
) (
β
(
αr6 + 4βµ
))4/3
81(β (αr6 + 4βµ))
4/3
αµ− 3√54(αβr6)2/3βr10 − 27 3√54(αβr6)2/3αβµr4
+O
(
αn3, βn3
)]
dr
(21)
Solving (21) analytically is not straightforward but one can use some numerical
methods in order to compute the entropy. However, we can neglect α and β
higher than order of 3. Obviously, the entropy for 7 dimensional asymptotically
flat black hole in Lovelock back ground is related to the second and third order
of the coupling constant of the Lovelock gravity theory.
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Fig. 7 The effect of α on the Bekenstein-Hawking entropy for n = 3
Fig. 8 The effect of α on the Bekenstein-Hawking entropy for n = 4
4 Conclusion
In this paper, we have calculated the Hawking temperature (equations (11),
(12), (15)) and the Bekenestein-Hawking entropy (equations (19), (20), (21))
of the asymptotically flat black hole in Lovelock background for 5,6, and 7
dimensional spacetime by using a general algebraic equation (9). In this case,
the coupling constant of the Lovelock gravity theory take into account up to
the third order. It is evident that the thermodynamic parameters, like Hawking
temperature and the entropy, are related to the second order of the coupling
constant of the Lovelock for n = 3, 4. In this manner, for 7 dimensional case,
they are related to the second and third order of the constant of the Lovelock.
We have found, in case of n = 3 the maximum of the temperature decreases
when the α increase as well as the entropy in a fixed mass. For 6 dimensional
case, the temperature decreases with increasing α. We have investigated the
effects of the coupling constants of the Lovelock theory on the temperature
and entropy in d = 7 as well. We have calculated the temperature analytically
but we found that the entropy equation (21) needs to be solved numerically. In
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this case, both the temperature and the entropy are related to the second and
third order of the coupling constant of the Lovelock gravity theory. It is evident
the Hawking temperature increases when the α increases but it decreases with
increasing β (see figure 4 and 5). We have shown that variation of the α is
more effective on the thermodynamics of the black holes rather than β.
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